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Abstract: When two objects have gravitational interaction between them, they are no
longer independent of each other. In fact, there exists gravitational correlation between
these two objects. Inspired by E. Verlinde’s paper[1], we first calculate the entropy change
of a system when gravity does positive work on this system. Based on the concept of
gravitational correlation entropy, we prove that the entropy of a Schwarzschild black hole
originates from the gravitational correlations between the interior matters of the black hole.
By analyzing the gravitational correlation entropies in the process of Hawking radiation in
a general context, we prove that the reduced entropy of a black hole is exactly carried away
by the radiation and the gravitational correlations between these radiating particles, and
the entropy or information is conserved at all times during Hawking radiation. Finally,
we attempt to give a unified description of the non-extensive black-hole entropy and the
extensive entropy of ordinary matter.
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1 Introduction
In 1971, Hawking showed that the total area of the event horizon of a classical black hole
can never decrease[2]. This result, known as the classical area law, is remarkably similar
to the second law of thermodynamics. Bekenstein then proposed that a black hole should
have an entropy, and it should be proportional to the horizon area of the black hole[3].
Soon after that, Hawking showed that a black hole will have thermal Hawking radiation
and therefore possess a temperature[4, 5]. However, this discovery brings up a series of
problems. Irrespective of what initial state a black hole starts with before collapsing, it
evolves eventually into a thermal state after being completely evaporated into emitted
radiations. It is well known that information is physical and thus it is conserved during
any physical process[6, 7]. But, Hawking radiation violates information conservation or
equivalently entropy conservation. This is the so-called paradox of black hole information
loss[8].
Many approaches have been suggested for resolving this paradox of black hole infor-
mation loss(see, for example, the recent reviews [9, 10]). Notably, based on a non-thermal
spectrum for the Schwarzschild black hole, one of us(Qing-yu Cai) with his collaborators,
has recently proved that the black hole radiation is an entropy conservation process by
counting the entropy taken out by the emitted particles[11].
Another mystery about a black hole is the origin of its entropy. This is also important
for solving the paradox of black hole information loss. Some authors (see, for example,
[12–14]) have shown that the entropy of a black hole is the entanglement entropy of the
entangled fields across the black hole horizon. However, general consensus on this point
have not been reached yet. In 2010, E. Verlinde’s in his remarkable paper[1] explained
gravity as an entropic force. This new point of view has aroused extensive discussions. It
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relates gravity and the entropy change of a system through the thermodynamic method,
with which it is easy to calculate the entropy change of a system when the system interiors
have gravitational interactions between them.
In this paper we will, with the help of E. Verlinde’s entropic gravity, introduce the
concept of gravitational correlation entropy to solve the above problems. The correlation
entropy can be easily understood already in ordinary cases. In ordinary thermodynamics
entropy is an extensive quantity. If there are no interaction between system A and B, then
the thermal entropy of the total system A + B is S(A,B) = S(A) + S(B). If we include
the interactions between A and B, then A and B is no longer independent of each other,
and S(A,B) = S(A) + S(B) + Sc(A : B), where Sc(A : B) is the correlation entropy. In
quantum information theory, −Sc(A : B) is the mutual information between A and B[7],
which is a legitimate measure for the total amount of correlations between two parts A and
B of a bipartite system A+B.
In the following, we first calculate the gravitational correlation entropy Sc(M : m)
between two objects (with respective masses)M andm under some mild assumptions. Then
by analysing the formation process of a black hole, we effectively envision that an object m
will first self-collapse to form a small black hole before it is combined withM to form a black
hole M + m, so as to calculate the entropy change on both holographic screens of m and
M . In this way all the increased entropy of the black hole is the gravitational correlation
entropy. Through further analysis, we prove that the black hole entropy originates from
the gravitational correlations between the interior matters that formed the black hole.
Because there are strong gravitational correlations between the interior matters of
a black hole, the emissions of Hawking radiation must be statistically dependent, and
correlations must exist between them. We prove that the entropy is conserved in Hawking
radiation and after a black hole is exhausted by Hawking radiation, all entropy of the black
hole is carried away by radiated particles and the correlations between these particles. We
will work in a general context which is independent of the tunneling formalism of Hawking
radiation, and hence the method of [11] is further assured.
Furthermore, since the main feature of the Bekenstein-Hawking entropy is its propor-
tionality to the area of the black hole horizon SBH ∝ A ∝ M2, it is rather different from
the usual entropy, e.g. the entropy of a thermal gas in a box, which is proportional to the
volume So ∝ V ∝ M . We will calculate the gravitational correlation entropy of ordinary
matters so as to give an attempt on the unification of the non-extensive (black-hole) en-
tropy and the extensive ordinary one. We show that the reason of the difference between
the black hole entropy and the entropy of ordinary matter is the fact that the correlation
entropy in ordinary matter caused by gravitational interactions between ordinary particles
is too small to be important.
This paper is organized as follows. In next section, we compare the black hole entropy
with the ordinary thermal entropy to introduce the concept of correlation entropy. In section
III, we use entropic gravity to show that the gravitational correlation entropy between the
interior matter of a black hole is the origin of black hole entropy. In section IV, by calculating
the gravitational correlation entropy between Hawking radiations, we show that information
is conserved at all times. In section V, we use correlation entropy to unify the entropies of
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black holes and ordinary matter. Sec. VI concludes with some remarks.
2 Correlation entropy
In statistical mechanics, if we divide an equilibrium system into a number of macroscopic
parts, the total number of microscopic states is a product of the number of microscopic
states Ωi of each part, i.e. Ω =
∏
i Ωi. The Boltzmann entropy S = k ln Ω is then extensive
S =
∑
i Si. For example, the entropy of the monatomic ideal gas is[15]
S =
3
2
Nk lnT +Nk ln
V
N
+
3
2
Nk
(
5
3
+ ln
2pimk
h2
)
,
where N is the number of the atoms. We can see that S ∝ N , when the temperature T
and the the particle number density N/V are kept constant.
In a realistic system, however, there are all kinds of interactions including the gravi-
tational one, and the dynamics of one particle is no longer independent of those of other
particles. In this case, if we divide successively an equilibrium system into several subsys-
tems, then to a certain length scale l, the physics of a subsystem might be no longer the same
as the original one. The extensive property of the thermal entropy S(A,B) = S(A) +S(B)
is then violated[16].
The entropy of a Schwarzschild black hole (with mass) M is S(M) = 4piM2. When we
divide a black hole with mass M + m into two parts (with respective masses) M and m,
we have
SBH(M +m) = 4pi(M +m)
2
= 4piM2 + 4pim2 + 8piMm (2.1)
6= SBH(M) + SBH(m).
The third term in the second line 8piMm measures some kind of correlation. We called
this term Sc(M,m) = 8piMm the correlation entropy of a Schwarzschild black hole.
In contrast to the usage of mutual information in [11, 16], we have defined the grav-
itational correlation entropy as the negative of the original mutual information. This is
can be motivated from the following observations. For the case of black hole coalescence,
SBH(M + m) > SBH(M) + SBH(m) by the classical area law[2] and hence the mutual
information is negative. While in the case of Hawking radiation, the mutual information
is positive as is shown in [11], which is correct for the disintegration of a black hole into
Hawking radiation and a remnant if additional resources are required to store the released
information taken out by Hawking radiation. From the viewpoint of the noiseless channel
coding theorem[7], these two processes are complimentary:
• For black hole coalescence, the total entropy increases and the original information are
combined into a single black hole, which means inside the black hole the increases in
gravitational correlations are used as resources to store such new information. Hence
the mutual information should be positive and we need a negative sign in front of the
usual definition.
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• For Hawking radiation, the black hole entropy is reduced, which means the gravi-
tational correlations inside the black hole are less required to store the remaining
information. Hence the mutual information could be negative. That the mutual
information calculated in [11] is positive is because in that case the resources are
required outside the black hole.
Therefore, it is adequate to choose the negative of the usual mutual information as the
measure of gravitational correlation inside a black hole.
Now a question is how to study the correlation inside the black hole horizon. This is
almost impossible since our understanding of the interior of a black hole is very little. In the
following, we use an effective way to calculate these correlations by studying the entropy
change during the formation of a black hole.
3 Gravitational Correlation entropy
Inspired by Bekenstein’s entropy bound, E. Verlinde postulated that when a test particle
(with mass) m moves towards a holographic screen, the entropy on the holographic screen
will increased by ∆S ∼ 2pim∆x. This entropy change leads to a force which is called
entropic force, and gravity is explained as an entropic force[1]. There is still a debate about
this point of view. Here we suggest that the increased entropy is a result of gravity. That
is to say, the entropy change on the holographic screen ∆S ∼ 2pim∆x originates from the
work done by gravity (which has already been pointed out in [17] as an objection to the
interpretation of entropic gravity).
Let us first recall some basic elements of entropic gravity. Consider two objects (with
respective masses) M and m, and let F be the interaction force between them. With M
being the reference system, according to the second law of Newton, we have
F = ma,
where a denotes the acceleration of object m. It is well known that the acceleration a
and the temperature T are closely related by Unruh effect. Namely, an observer in an
accelerated frame experiences a temperature[18]
T =
~|a|
2pikc
. (3.1)
where k is the Boltzmann constant, c the speed of light, and a the acceleration of the frame.
If the direction of the x-axis of the accelerating frame is from the holographic screen of M
to the test particle m, then a < 0 and there will be a change of sign in comparison to
[1]. When the test particle m approaches the object M , the energy of the system M did
not change, namely dEM = 0. According to the first law of thermodynamics, we have the
entropic force relation on the holographic screen[1]
F∆x = T∆S, (3.2)
where T is the temperature on the screen induced by Unruh effect. Then we can get
∆Sscr = −2pikmc~ ∆x (3.3)
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for a plane screen or when the test particle m is very close to the screen. When the test
particle is not very close to screen, from the Newton’s law of gravity
F = G
Mm
x2
,
we can get a generalized form of (3.3). For a spherical screen with radius rscr, when the
test particle m is at the distance x form the center of ball bounded by the spherical screen,
we have the generalized entropic force relation
∆Sscr = −2pikmc~
(rscr
x
)2
∆x. (3.4)
When the test particle is very close to holographic screen rscr/x→ 1, then Eq.(3.4) returns
to Eq.(3.3). The Eq.(3.4) shows that the interaction between the screen and the test particle
will be weak if the test particle becomes far away from screen.
In this section we will use Eq.(3.4) to define and calculate the gravitational correlation
entropy of a black hole. Form now on, we will set k = ~ = c = G = 1 for simplicity.
3.1 The radius of the holographic screen
In E. Verlinde’s article[1], there are no constraints on the radius of the holographic screen.
But he requires that the test particle must be very close to the holographic screen, so that
Eq.(3.3) is valid. When the test particle moves towards the screen, the radius of the screen
is expected to shrink, that is to say, there is no stationary screen in E. Verlinde’s proposal.
Now using Eq.(3.4), we can calculate the increased entropy on the screen no matter
where the test particle is. For example, when the test particle m is translated from R1 to
R2, (R1, R2 > rscr) and the radius of the holographic screen is independent of the position
of the test particle m, the entropy on the screen will increase by
∆Sscr = −
∫ R2
R1
2pim
(rscr
x
)2
dx = 2pimr2scr
(
1
R2
− 1
R1
)
.
When m moves from R1 to R2(R1,R2 are constants.), the entropy change ∆Sscr should
be constant. This resembles the unitary requirement for the translation of the radiated
particles[20? ] where the holographic entropy of m is required to be a constant under such
a translation. So the increased entropy on the holographic screen should not depend on
the screen radius rscr. Therefore, the radius of the holographic screen of M should be a
constant for a given object. This observation will be crucial for our discussions on black
hole entropy in next subsection.
In order to determine the position of the holographic screen, let us consider some
restrictions of the radius rscr. First, we observe that the radius rmat of an ordinary spherical
matter M can not be smaller than that of the even horizon radius rSch of a black hole with
the same mass, that is, rmat > rSch. On the other hand, if rscr > rSch then
∆Sscr(∞→ rscr) = 2pimrscr,
which will lead to the contradiction that the entropy change of the ordinary object M is
bigger than a black hole with the same mass M . Therefore the radius of the holographic
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screen rscr should be no greater than the Schwarzschild radius rSch, i.e. rscr 6 rSch.
Therefore, for objects made from ordinary matters, the rscr is usually inside the object
and is bounded by the the Schwarzschild radius, i.e. rscr 6 rSch 6 rmat. Second, since
we are interested in calculating the gravitational correlation entropy, while the structures
inside the inner black hole (of radius rSch) are generally unknown, it is impossible to do
calculations if we choose rscr < rSch. Therefore, we suggest that the holographic screen
radius rscr of an object M can be effectively taken as the Schwarzschild radius,1
rscr = rSch = 2M. (3.5)
If M is a black hole, then the holographic screen coincides with the black-hole horizon,
whereas if it is ordinary matter, say a test particle, the holographic screen will be still
less than the scale of the ordinary matter even if it takes the value of the Schwarzschild
radius. There is no contradiction in both cases. A reason for such a choice is that if the
holographic principle holds, then the holographic screen should contain all the information
inside the screen. In the case of black holes, it is recently showed in [21] that the black hole’s
interior volume is not sufficient to hold all the information(entropy) and all the information
should be encoded near the horizon, hence it is adequate to assume that the holographic
screen coincides with the black hole horizon if we want to know the information about the
correlations between its components.
Under this assumption, Eq.(3.4) becomes
∆S = −8piM2m∆x
x2
, (3.6)
and we have
∆Sscr 6 2pimrSch = 4piMm, (3.7)
for any screen. The entropy on one screen has a maximum value only when the radius of the
object equals its Schwarzschild radius (of a black hole), ∆Sscr = 2pimrSch(M) = 4piMm.
Hence, the above assumption on the rscr corresponds to the case of maximum entropy.
From the point view of entropic gravity, this means the strongest gravity, i.e. black holes.
At this stage, it already can be expected that the strongest gravitational correlation entropy
calculated under the above assumption will be able to explain the entropy of a black hole.
Note that Eq.(3.7) is in contradiction with the bound given in [22] where the minimal
radius of the holographic screen is found to be much less than the Schwarzschild radius. This
contradiction arises from the difference in assumptions. In our assumption, we have stopped
at the Schwarzschild radius since below it the gravitational correlations are intractable.
However, we have also shown that rscr 6 rSch, which does not violate the result of [22] too
much.
1Of course, the entropy on the holographic screen will still increase after it falls behind the black-hole
horizon, but on the one hand it will not affect the black-hole entropy we observe outside, and on the other
hand it must be compensated by the decrease on another screen so that the area law of black hole entropy
is not violated.
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3.2 The origin of black hole entropy
When an object with mass m approaches a black hole with mass M from infinity, the
entropy change on the holographic screen of M is
∆SM)m =−
∫ 2M
+∞
8piM2m
dx
x2
=8piM2m
1
x
|2M+∞= 4piMm. (3.8)
At the same time, the black hole M approaches to the holographic screen of object m.
Then, the entropy change of this screen is
∆Sm)M =−
∫ 2M
+∞
8pim2M
dx
x2
−
∫ 2m
2M
8pim2M
dx
x2
,
=8pim2M
1
x
|2M+∞ +8pim2M
1
x
|2m2M , (3.9)
=4pim2 + (4piMm− 4pim2) = 4piMm. (3.10)
According to the first term of Eq.(3.9), we can find that the entropy on the holographic
screen of m is first increased by 4pim2 until the distance between the object m and M is
comparable (actually equal) to the radius of the holographic screen of M . After that, it is
further translated to hit the screen of m, which is the second term of Eq.(3.9).
m
ΔSm)M
m
ΔSM)m=4πMm
M
Figure 1. (Color online) A schematic depiction of the process of the formation of a new black hole
from a test particle m and a large massive old black hole M . The (light) green line represents the
holographic screen.
Now, since we have taken the radius of the holographic screen as the Schwarzschild
radius (3.5), the objectm also can be considered as a (small) black hole of the Schwarzschild
radius. We can envision this virtual process as follows. The object m first self-collapses to
form a small black hole. Then, the small black hole falls into the old black hole M , and the
entropy on the holographic screen of m will increase during this process but the rscr is kept
constant. Finally, two black holes collide to form a new black hole with a new rscr. It must
be emphasized that the self-collapsing is not a real physical process. The real situation
must be that the real radius of m is larger than that of the effective holographic screen.
Then the increase in the screen entropy ∆Sm)M will cause the increase in the screen radius
continuously and eventually m collides with M forming a new black hole. Such a process
is schematically depicted in FIG.1.
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In this process, the increased entropy of the system M + m should be the sum of the
entropy change on the screen of m and M , that is2
Sc(M : m) = ∆Sm)M + ∆SM)m = 8piMm (3.11)
which has the same value as in the third term of (2.1). According to the above analysis,
we know that the increased entropy (3.11) of the system originates from the gravitational
interaction between m andM . Therefore, we call this quantity the gravitational correlation
entropy between m and M . At the formal level, this is an entropy-entropy correlation since
the entropy change on the screen of m is correlated with the change on the screen of M .
In view of entropic gravity, this means exactly the gravitational correlation.
When we consider the formation process of a black hole, all the particles of the black
hole will approach the maximum correlation entropy with respect to other particles in the
interior of the black hole. Assume that a black hole is made up of N particles, then all the
gravitational correlation entropy between them is
Sc(M) =
N∑
i=1
N∑
j=1
∆Smi)mj
=
N−1∑
i=1
N∑
j=i+1
Sc(mi,mj) +
N∑
i=1
Sc(mi)
=
N−1∑
i=1
N∑
j=i+1
8pimimj +
N∑
i=1
4pim2i
= 4piM2
That is to say, Sc(M) = SBH , the Bekenstein-Hawking entropy. Thus, we have proved that
the entropy of a black hole is indeed the gravitational correlation entropy. In this respect,
we can interpret the origin of black hole entropy as the gravitational correlation entropy
between particles in the interior of the black hole that formed the black hole.
4 Entropy conservation in Hawking radiation
We have shown that the black hole entropy originates from the gravitational correlations
between the interior matters that formed the black hole. Hawking discovered that a black
hole excites Hawking radiation [4, 5]. This discovery brings up the paradox of black hole
information loss. In this section, we consider the process of Hawking radiation from a
Schwarzschild black hole and calculate the gravitational correlation entropy between radi-
ated particles.
First, we consider a Schwarzschild black with massM and initial entropy 4piM2. When
a particle with mass m1 escapes from the black hole, we can calculate the entropy carried
2If the object m indeed self-collapses to form a small black hole before it falls into the old black hole M .
Then due to the fact that the self-gravity of m does positive work, the self-entropy of m should be increased
by Sc(m) = 4pim2. The self-entropy of m is a correlation entropy by itself.
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away by the particle. The reduced entropy includes two parts: the self-entropy of the
particle m1 and the correlation entropy of the particle with the remaining black hole. Then
the entropy change of the black hole is
∆S1 = −Sc(m1) + Sc(m1 : M −m1), (4.1)
where the first term is S(m1) = 4pim21, and the second term is the correlation entropy
between the emitted particle and the remaining black hole with mass M −m1. Then we
can obtain by Eq.(3.11),
Sc(m1 : M −m1) =− 2
∫ ∞
2(M−m1)
2pim
[
2(M −m1)
x
]2
dx
=− 8pim1(M −m1). (4.2)
So we can get
∆S1 = −4pim21 − 8pim1(M −m1). (4.3)
(Note that the minus sign has already been interpreted in sec. II.) For the second emission
of the particle with mass m2,ãĂĂthe entropy change of the black hole is
∆S2 = −4pim22 − 8pim2(M −m1 −m2). (4.4)
In a similar manner, we can get the change of the entropy that is taken away by the i-th
particle,
∆Si = −4pim2i − 8pimi(M −
i∑
j=1
mj). (4.5)
Therefore, after the black hole emitted n particles the total entropy change of the black
hole is
∆Stotal ≡
n∑
i=1
∆Si =
=−
n∑
i=1
4pim2i − 8pi
n∑
i=1
mi(M −
n∑
j=1
mj)− 8pi
n∑
i=1
n∑
j=i+1
mimj . (4.6)
Here the first term in Eq.(4.6) represents the self-entropy of all the emitted particles, and the
second term represents the correlations between the remaining black hole and the emitted
particles, and the third term represents the correlations between the emitted particles. It
is easy to obtain the relation
4pi(M −
n∑
i=1
mi)
2 = 4piM2 + ∆Stotal, (4.7)
where M −∑ni=1mi is the remnant mass of the black hole, and the whole left hand side
represents the entropy of the remaining black hole. Therefore, Eq.(4.7) shows that the
entropy is conserved in Hawking radiation. Repeating the above process of step by step
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analysis of each Hawking radiation until the black hole is completely exhausted(
∑N
i=1mi =
M), we find that the entropy or information conservation is preserved at all times,
4piM2 = −∆Stotal (4.8)
=
N∑
i=1
4pim2i + 8pi
N∑
i=1
N∑
j=i+1
mimj . (4.9)
Here the first term is the self-entropy of all the radiation particles, and the second term
shows the correlations between the radiation particles. Thus, we have proved that after a
black hole is exhausted by Hawking radiation, the entropy of the black hole is carried away
by the radiation particles and the correlations between these particles. On the other hand,
because we have shown that there are gravitational correlations between these particles
of Hawking radiation, these emissions must be correlated and capable of carrying away
information encoded within.
According to the tunneling method, the tunneling probability rate is
Γ(M,m1) ∼ exp(∆S1),
= exp
[−4pim21 − 8pim1(M −m1)] ,
= exp [−8pim1(M −m1/2)] .
This recovers the result of Parikh&Wilczek[23]. Obviously, it is not exactly thermal, which
is different from the thermal case of a simple exponential Γ ∼ exp(−8piMm1).
Note that the current analysis is independent of the tunneling method, and hence the
resolution of the paradox of black hole information loss given in [11] indeed has a wider
range of applicability. (C.f. also the analysis of information conservation in [24] which is
independent of specific black-hole metrics.)
On the other hand, an important lesson we have learned from the tunneling method is
that the back reaction is crucial for the conservation of energy. In fact, the back reaction
not only makes radiation spectrum deviate from strict thermally, but changes the position
of the horizon and hence the temperature of the black hole. Now from the above analysis
we see that the gravitational correlation entropy Sc in (4.2) does not change if the radiated
particles are translated by ∆x, since it is independent of ∆x. This is consistent with
the results obtained in the case of temperature-varying holographic screens[25] where the
mutual information generated by the translation of the radiated particle is restricted to
zero for the entropy of holographic screens. In view of entropic gravity, this means that
the effect induced by the translation of radiated particles are compensated by the change
of temperature on the holographic screen, so that the entropic force relation ∆S ∝ ∆r
is preserved. Therefore, the above arguments for the entropy or information conservation
hold at all times and no matter where the radiated particles have been translated.
5 unifying the entropy of black hole and ordinary matter
It is well know that the entropy is an extensive quantity for ordinary matter in statistical
mechanics, i.e. Sor ∝ N (or S ∝ M , where N represent the particle number and M is the
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mass of the ordinary matter). However, the entropy of a black hole is no more an extensive
quantity, i.e. SBH ∝M2. This puzzle has troubled people for a long time. In this section,
we attempt to solve this problem by comparing their gravitational correlation entropies,
and demonstrate how ordinary matters become a black hole.
Assume that a spherical system with massM consisting of N identical particles each of
which has mass m, and the average distance between the particles is l. We further assume
that all the particles are uniformly distributed in the system for simplicity. Then the radius
of the system is nl, the volume V and density of mass ρ are obtained as
N = 4pin3/3, V = Nl3 = 4pin3l3/3,
M = Nm, ρ =
M
V
=
m
l3
.
The entropy of the system should include the entropy of every particle Sm and the cor-
relation entropy Sc which is due to the gravitational interactions between these particles.
Suppose that these particles are located on a lattice each site of which has 3-dimensional
spatial coordinates (i, j, k). Then the total entropy of the system is
SN = NSm +
n∑
i,j,k
S(i,j,k)c(N) (5.1)
where S(i,j,k)c(N) represents the correlation entropy of the (i, j, k)-th particle that is associ-
ated with the other N − 1 particles. It is obvious that S(i,j,k)c(N) ≤ S(0,0,0)c(N) ≡ Soc(N),
(i2 + j2 + k2 6= 0) for spherical objects. So
n∑
i,j,k
S(i,j,k)c(N) ≤ NSoc(N) (5.2)
Because it is difficult to calculate S(i,j,k)c(N) for every particle, we will first calculate this
bound Soc(N),
Soc(N) = −
∑
i,j,k
∫ lijk
∞
8pim3
dx
x2
= 8pim3
N∑
i,j,k
1
lijk
≡ 8pim3C(n)
l
.
To calculate C(n), we suppose that the distance between the particle (i, j, k) and the
coordinate origin of the lattice is lijk = l
√
i2 + j2 + k2(where i, j, k are integers). Then
we have
C(n) =
∑
i2+j2+k2≤n2
1√
i2 + j2 + k2
, (i2 + j2 + k2 6= 0). (5.3)
When n 1,
C(n)− C(n− 1) = [N(n)−N(n− 1)] /n ≈ 4pin.
That is,
dC(n)
dn
≈ 4pin,
⇒ C(n) ≈ 2pin2. (5.4)
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Then we have,
Soc(N) = 4m
3(6piN)2/3/l = 16pi2m3n2/l. (5.5)
Now, we will compare the correlation entropy Sc(N) with Sm. Suppose that the particle
m constituted by two smaller particles with equal mass m/2 and the distance between
them is lm, then Sm consists of two parts as before. The first part is the self-entropy of
the two subparticles 2Sm/2 and the second part is the correlation entropy between the two
subparticles 2
∼
Sc. Therefore, we can get
Sm = 2Sm/2 + 2
∼
Sc,
= 2Sm/2 + 2pim
3/lm. (5.6)
Using Eq. (5.2) and Eq.(5.6), we have
Sc(N)
Sm
<
16pi2m3n2/l
2Sm/2 + 2pim3/lm
. (5.7)
Up to now, we still do not know Sm/2. But obviously, it should be positive, so we have,
Sc(N)
Sm
<
8pin2lm
l
.
For ordinary matter, lm/l  1, therefore, as long as the volume (related to n) is not very
large, we have
Sc(N)
Sm
<
8pin2lm
l
 1. (5.8)
Therefore, for ordinary matter the gravitational correlation entropy between the particles,
the second term in Eq.(5.1), can be ignored. Then Eq.(5.1) becomes
SN ≈ NSm. (5.9)
This shows that the entropy of ordinary matter is proportional to the number of particles. It
is an extensive quantity because of the gravitational correlation entropy of ordinary matter
caused by gravitational interactions between these particles is too small and can be ingored.
On the other hand, note that Eq.(5.5) shows that the correlation entropy is not con-
vergent as particle number of the system increases. That is to say, even though the density
of the system is very small, Sc(N) can be bigger than Sm as long as the particle number
of the system is large enough. At this point, the entropy of this system SN is no more an
extensive quantity. The black hole entropy is an example of this case, since the large mass
of a black hole ensures the large number of particles and a very small l.
Therefore, we have constructed a possible unified description of both extensive and
nonextensive entropies. The characterization is given by the gravitational correlation en-
tropy of the interior matters for different particle numbers at different length scales.
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6 Conclusion and discussions
In this paper we introduced the concept of gravitational correlation entropy, which mea-
sures the correlations between gravitationally interacting objects. With this concept, we
first shown that the entropy of a Schwarzchild black hole originates from the gravitational
correlations between the interior matters of the black hole. Then we calculated the corre-
lation entropy between Hawking radiation particles to show the information conservation
of Hawking radiation in a wider context than in [11]. Finally, we gave an attempt to unify
the nonextensive black hole entropy with the extensive thermal entropy by comparing the
magnitude of the correlation entropy within them.
Some final remarks are in order:
1. The entropic gravity, in spite of its controversial interpretations (see, for example,
[17]), should play a fundamental role in clarifying various confusions in gravitation.
This can be corroborated by the recent progress that solutions to gravitational field
equations can be reconstructed solely from the spacetime thermodynamics[26] where
the key concept of the reconstruction, the mass form of Misner-Sharp on a hypersur-
face, plays a similar role of the holographic screen as in the entropic gravity.
2. With the help of the gravitational correlation entropy, we have successfully recovered
the information conservation arguments given in [11]. The analysis of [11] is performed
in the tunneling formalism of Hawking radiation, while in this paper the analysis works
in a wider context. (C.f. also the metric-independent arguments in [24]). Besides the
tunneling formalism, a common attack on the resolution of [11] is the arbitrariness in
partition the quanta of Hawking radiation, since the chain rule for conditional entropy
is always satisfied for any partition regardless of the dynamics. In our discussion in sec.
II, we see that such an arbitrariness is a blessing rather than a problem. After a black
hole is disintegrated into Hawking radiations and a possible remnant, as long as the
mutual information of this general process is positive, then in view of the noiseless
channel coding theorem3, it requires additional resources outside the black hole to
store these additional information. In other words, the information has indeed come
out from the black hole and the correlation is not necessarily those between radiated
particles. This is why such an argument for information conservation still hold for
extremal black holes[28]. This proposal assures us that the analysis of [11] is simple
but information-theoretically profound.
3. The translation invariance of the correlation entropy ensures the unitarity of trans-
lation operators. In [20] the gravitational correlation entropy, or the mutual infor-
mation in the tunneling formalism, is included into the non-extensive Tsallis entropy
formula. This poses a problem that which form of entropy is more fundamental. Since
the entropic force of E. Verlinde[1] is a kind of reverse of the line of thoughts of the
traditional gravitational researches, it is hard to tell which one is more fundamental.
3This theorem also can used to explain the laws of black hole thermodynamics. See, e.g. [27].
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A physically sounder approach is to test such entropies in different situations by dif-
ferent formalisms. In this paper we have attempted some tests. Another promising
way of describing the translations (though quite different) and holographic screens is
the more delicate notions of BMS super translations on the black hole horizon, the
relevance of which to the black hole information problem is recently investigated in
[29].
4. Our analysis is restricted to the simplest case of Schwarzschild black hole, since it has
the clearest entropic force explanations. In order to consider other types of black holes,
one can either (i) interpret degrees of freedom other than gravity (see, for examples,
coulomb force[30] and rotation[31]) as entropic forces, or (ii) do direct calculations in
the old framework to get a modified picture with corrections to relevant quantities[32].
In the latter approach, there will be a failure of the entropic idea of gravity if the
noncommutative effects are present[33]. This is not surprising, because in the analysis
of information conservation of noncommutative black holes, the noncommutativity of
spacetime contributes an additional term to the mutual information (or gravitational
correlation entropy) other than the term from the commutative case[34]. This suggests
that the noncommutative effects of (quantum) spacetime are quite different from the
corrections obtained from entropic gravity. (C.f. [35] for a recent discussion on this
point.)
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